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Abstract: Stepped spillway flows are characterised by significant turbulent dissipation
on the chute associated with strong free-surface aeration. Herein the validity of the
Froude similitude is tested by re-analysing three experimental data sets corresponding
to moderate slopes typical of embankment dams and storm waterways ( = 3.4 to
22°). The measurements included distributions of void fraction, bubble count rate,
interfacial velocity, turbulence intensity, bubble chord sizes, and integral turbulent
length and time scales which were scaled with a 2:1 undistorted geometric scaling
ratio. The criterion selection for scale effects is a critical issue. Major differences (i.e.
scale effects) were observed in terms of bubble count rates, bubble chord sizes,
turbulence levels and integral turbulent length scales although little scale effects were
seen in terms of void fraction and velocity distributions. The findings suggested that
most physical results, including the rate of energy dissipation and re-aeration, cannot
be extrapolated to prototype flow conditions without significant scale effects. A
complementary approach may be based upon self-similarity, since self-similar
relationships were observed systematically at both macroscopic and microscopic
levels.
Keywords : Stepped spillways, Air-water flow properties, Physical modelling, Scale
effects, Self-similarity, Froude similitude.
INTRODUCTION
Stepped spillways are typically designed to increase the rate of energy dissipation on
the (stepped) chute and to reduce the size of the downstream energy dissipator. At
large discharges, skimming flows on stepped spillways are characterised by a
significant rate of turbulent dissipation associated with strong free-surface aeration
(Fig. 1). Although research in the hydraulics of stepped spillways has been very active
during the last three decades (Chanson 1995,2001, Matos and Chanson 2006), the
fundamental issues of dynamic similarity and scale effects were rarely discussed.
How confidently can we extrapolate laboratory results to prototype spillways ?
Detailed air-water flow measurements are re-analysed systematically. The data were
recorded in three large-size stepped chute facilities with slopes  = 3.4º, 16º and 22º,
and step heights h = 0.05 m to 0.143 m. Detailed turbulence data were collected in the
large-size channels with a stepped invert, including turbulence levels and turbulent
time and length scales. The results are used to test the validity of the Froude similarity
and to assess the scale effects and the experimental distortion to prototype stepped
spillways.
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2Fig. 1 - Skimming flow on the Trigomil dam stepped spillway, Mexico (Courtesy of
J.L SANCHEZ-BRISBIESCA and F. Gonzalez-VILLAREAL) - Flow conditions: Qw
= 1,017 m3/s, W = 75 m, h = 0.3 m,  = 51.3º, dc/h = 8.8, Re = 5.4 E+7
DIMENSIONAL ANALYSIS AND SIMILITUDE
Stepped spillway flows are characterised by intense free-surface aeration associated
with strong interactions between the free-surface aeration and the air-water flow
turbulence (Fig. 1). Physical modelling and experimental investigations may add new
knowledge to the subject if a suitable dynamic similarity is achieved. In a dimensional
analysis, the relevant parameters include the fluid properties and physical constants,
the chute geometry and inflow conditions, the air-water flow properties and the
geometry of the steps. Considering a skimming flow at uniform equilibrium down a
stepped chute with flat horizontal steps in a prismatic rectangular channel, the gravity
force component in the flow direction counteracts exactly the form drag induced by
the steps. A simple dimensional analysis yields a series of relationships between the
local air-water flow properties at a location (x/dc, y/dc, z/dc), and the fluid properties,
physical constants, flow conditions and step geometry :
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where C is the local void fraction, V is the local velocity, g is the gravity acceleration,
dc is the critical depth, u' is a characteristic turbulent velocity, Tint is a turbulent time
scale, Lxy is a turbulent length scale, x and y is the longitudinal and normal
coordinates, Re is the Reynolds number, Mo is the Morton number, and  is the angle
between the pseudo-bottom formed by the step edges and the horizontal (Fig. 2). The
Morton number Mo = g×µw4/(w×3) is the function of the gravity acceleration and
fluid properties only, where w and µw are the water density and viscosity and  is the
surface tension between air and water. Note that Equation (1) was developed for
smooth horizontal steps.
Equation (1) gives a dimensionless expression of the local air-water turbulent flow
properties as functions of independent parameters that include both Froude and
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3Reynolds numbers. Indeed the dimensionless flow rate dc/h is proportional to a
Froude number defined in terms of the step height (dc/h = (qw2/(g×h3))1/3), while the
Morton number is a constant if the same fluids (air and water) are used in model and
prototype.
The validity of the Froude similitude was rarely tested in stepped chutes but in a few
studies (Chanson 2004). Recent studies of air-water flow properties yielded stringent
conditions to minimise scale effects suggesting the impossibility to achieve true
dynamic similarity even in large-size models (Boes 2000, Chanson and Gonzalez
2005). Herein the Froude similitude was tested systematically with respect to the two-
phase flow properties, including the distributions of void fraction, bubble count rate,
bubble/droplet chord sizes, interfacial velocity, turbulence intensity, and integral
turbulent time and length scales. Three experimental data sets were re-analysed
(Table 1). The stepped geometries corresponded to moderate slopes typical of
embankment dams and storm waterways ( = 3.4°, 16° & 22°). All experiments were
conducted in large size facilities (h = 0.05 m to 0.143 m) operating at large Reynolds
numbers (Re = 3.2 E+4 to 8.5 E+5) and the step cavity dimensions were scaled with a
2:1 undistorted geometric scaling ratio in each case. A similar instrumentation
technique was used in each investigation: i.e., phase-detection conductivity probes
(Table 1, column 4). Experimental data included distributions of void fraction, bubble
count rate, interfacial velocity, turbulence intensity, bubble chord sizes, and integral
turbulent length and time scales.
Table 1 - Experimental investigations of dynamic similarity and scale effects of
stepped spillway flows
Ref.  Step geometry Instrumentation Remarks
deg.
(1) (2) (3) (4) (5)
Series 1 3.4 W = 0.5 m, horizontal
steps
Single-tip conductivity
probe (Ø 0.35 mm).
Chanson & Toombes (2002b) 
Series 1.1 h = 0.143 m, l = 2.4 m L = 24 m, 10 steps.
Series 1.2 h = 0.0715 m, l = 1.2 m. L = 24 m, 18 steps.
Series 2 15.9 W = 1 m, horizontal
steps
Double-tip conductivity
probe (Ø 0.025 mm).
Gonzalez & Chanson (2004)
Series 2.1 h = 0.05 m, l = 0.175 m 18 steps.
Series 2.2 h = 0.1 m, l = 0.35 m 9 steps.
Series 3 21.8 W = 1 m, horizontal
steps
Single-tip conductivity
probes (Ø 0.35 mm) &
Double-tip conductivity
probe (Ø 0.25 mm).
Series 3.1 h = 0.1 m, l = 0.25 m Carosi & Chanson (2006)
Series 3.2 h = 0.05 m, l = 0.125 m Felder & Chanson (2007)
Notes : h : vertical step height; L : chute length; l : step length; W : chute width..
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4Fig. 2 - Definition sketch of a skimming flow on a stepped spillway
COMPARATIVE EXPERIMENTAL RESULTS
In the stepped chutes, three basic flow regimes were observed depending upon the
dimensionless discharge dc/h. For small flow rates (dc/h < 0.5 to 1), the waters flowed
as a succession of free-falling nappes. For some intermediate discharges, the flow had
a chaotic behaviour that was characteristic of a transition flow regime. For larger
flows (dc/h > 0.9 to 1.2), the waters skimmed above the pseudo-bottom formed by the
step edges (Fig. 2). In the following paragraphs, the study is focused in the skimming
flow conditions.
On the stepped chutes, the waters were non-aerated at the upstream end of the chute
(Fig. 1). Free-surface aeration occurred when the turbulent shear next to the free-
surface exceeded the bubble resistance offered by surface tension and buoyancy.
Downstream of the inception point of free-surface aeration, some strong air-water
mixing took place. Large amounts of air were entrained, and very-strong interactions
between main stream turbulence, step cavity recirculation zones and free-surface were
observed associated with strong energy dissipation and flow resistance. The location
LI of the inception point of free-surface aeration was recorded during both
experimental series (Table 1). The data were compared successfully with earlier
studies (Chanson 1995, 2001), and they showed a good agreement for all step heights.
Downstream of the inception point of free-surface aeration, the comparative results
showed some similar findings for all chute slopes (Table 1). The distributions of void
fraction were properly scaled with a Froude similitude, for the investigated flow
conditions (Table 1). This is illustrated in Figure 3 showing dimensionless
distributions of void fraction. The void fraction distributions compared well with an
analytical solution of the advection diffusion equation for air bubbles (Chanson and
Toombes 2002a): 
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where C is the void fraction, y' = y/Y90, y is distance measured normal to the pseudo-
invert, Y90 is the characteristic distance where C = 90% (Chanson and Toombes
2002). K' is an integration constant and Do is a function of the depth-averaged void
fraction Cmean only :
K' = 0.32745 + 12 × Do - 881 × Do (4) 
 Cmean = 0.762 × (1.0434 - exp(-3.614 × Do)) (5) 
where the depth-averaged void fraction Cmean is defined in terms of the characteristic
distance where C = 90%:
'dy)C1(C 1
0mean  ×= (6) 
Equation (2) is compared with experimental data in Figure 3.
A good agreement was observed also in terms of dimensionless distributions of
velocity (Fig. 4). At each step edge, the velocity distributions compared favourably
with a power-law function for y/Y90 < 1 and with an uniform profile for y/Y90 > 1 :
N/1
90
'y
V
V
= y' < 1 (7) 
 1
V
V
90
= y' > 1 (8) 
where V90 is the characteristic air-water velocity at y = Y90. Several studies yielded
Equation (7) (e.g. Matos 2000, Boes 2000, Chanson and Toombes 2002, Gonzalez
and Chanson 2004), but a few documented the velocity distribution in the upper spray
region (Chanson and Carosi 2007). Equations (7) and (8) are compared with
experimental data in Figure 4. The velocity power law exponent ranged from 1/10 to
1/7 in average, but it varied significantly between adjacent step edges. Such
fluctuations were believed to be caused by some complicated interference between
adjacent shear layers and cavity flows.
Further the mean air content Cmean, and dimensionless air-water flow velocity V90/Vc,
were properly scaled with a Froude similitude
SCALE EFFECTS
Significant differences, hence scale effects, were observed in terms of dimensionless
distributions of bubble count rates F×dc/Vc and of turbulence intensity Tu (Fig. 3 and
4). Typically lesser dimensionless bubble count rates by about 30 to 60% were
observed with the smallest step height on all slopes. This is illustrated in Figure 3.
The finding implied significant scale effects in terms of number of entrained bubbles
and bubble sizes, hence on air-water interface area and re-aeration rate. Further scale
effects in terms of turbulence intensity distributions were observed consistently with
lesser maximum turbulence levels for the smallest step height (h = 0.05 m). This is
shown in Figure 4.
A comparative analysis of bubble chord size distributions, for similar flow rate,
identical dimensionless location and local void fraction, showed consistently
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6differences: the entrained bubbles were comparatively larger for the smallest model.
A similar observation was made in terms of water droplet size distributions in the
spray region. In dimensional terms, the size distributions of the smallest bubbles and
droplets were about the same for both step heights, but a broader range of large
particles were seen with the largest step heights. 
The present results were obtained with 3.4°, 16° and 22° slopes. Overall they were
qualitatively in agreement with the earlier, limited study of Boes (2000) with 30° and
50° slope stepped chutes.
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Fig. 3 - Dimensionless distributions of void fraction C and bubble count rate F×dc/Vc
- Flow conditions:  = 21.8°, dc/h = 1.32, h = 0.05 & 0.10 m, Re = 2.1 105 & 5.7 105,
Step 10, double-tip conductivity probe (=0.25 mm)
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Fig. 4 - Dimensionless distributions of interfacial velocity V/Vc and turbulence
intensity Tu - Flow conditions:  = 21.8°, dc/h = 1.32, h = 0.05 & 0.10 m, Re = 2.1
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7105 & 5.7 105, Step 10, double-tip conductivity probe (=0.25 mm)
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Fig. 5 - Dimensionless distributions of integral turbulent length Lxz/dc and time
Tint× g/dc scales - Flow conditions:  = 21.8°, dc/h = 1.15, h = 0.05 & 0.10 m, Re =
1.7 105 & 4.6 105, Step 10, single-tip conductivity probe (=0.35 mm)
Scale effects were also observed in terms of dimensionless distributions of integral
turbulent length and time scales for the 22° slope (Fig. 5). Figure 5 presents some
vertical distributions of dimensionless integral turbulent length and time scales Lxz/dc
and Tint× g/dc respectively. Lxz and Tint characterised the large vortices advecting the
air bubbles (Chanson and Carosi 2007). Typically larger dimensionless turbulent
scales were observed with the smallest step height. This is illustrated in Figure 5, and
the finding implied some scale effects in terms of the large vortical structures and
turbulent energy dissipation.
DISCUSSION
The presents results on 3.4°, 16° and 22° slope stepped chutes showed a lesser
number of entrained bubbles and comparatively greater bubble sizes observed in the
smallest flumes, as well as lower turbulence levels and larger turbulent length and
time scales. The findings have direct implications on stepped spillway design. Lesser
turbulence levels in small laboratory flumes must imply a lesser rate of turbulent
dissipation, particularly on long chutes. That is, small-size models are likely to
underestimate the rate of energy dissipation of prototype stepped spillways for similar
flow conditions.
Similarly, the lesser number of entrained bubble sizes in laboratory flumes must
affect the rate of air-water mass transfer on the chute. Present results imply that the
air-water interface area, hence the rate of air-water mass transfer, are underestimated
in small-size physical-models, and extrapolation are not reliable unless working at
full scale as shown by Toombes and Chanson (2005).
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8SELF-SIMILARITY
The air-water flow properties presented some form of self-similarity. Self-similarity is
a powerful tool in turbulence flow research (Barenblatt 1996) and high-velocity air-
water flows. The non-linear interactions between turbulent vortices and entrained air
bubbles lead to a complex gas-liquid flow structure. Thus relationships at different
scales are of crucial significance in understanding and controlling these flows.
Following the approach of Chanson and Carosi (2007), self-similarity was observed
herein in terms of the air-water flow properties. Self-similar relationships were
observed at both macros- and micro-scopic levels. For example, the distributions of
void fraction and interfacial velocity at a macro-scopic level; the probability
distribution functions of particle chords at a micro-scopic level.
Self-similarity is closely linked with dynamic similarity. Equation (1) showed that it
is nearly impossible to achieve a true dynamic similarity in small-size models of high-
velocity air-water flows because of number of relevant dimensionless parameters. The
present experimental results showed a number of self-similar relationships that
remain invariant under changes of scale, complementing the work of Chanson and
Carosi (2007). For example, Equations (2), (7) and (8). These self-similar
relationships have scaling symmetry which led in turn to remarkable application at
prototype scales. The results provide a picture general enough to be used, as a first
approximation, to characterise the air-water flow field in similar stepped spillway
prototype structures (Chanson and Carosi 2007).
Fig. 6 - Superposition of occasional large steps (h = 0.01 m) with small steps (h =
0.05 m) at the University of Queensland - Flow conditions:  = 21.8°, qw = 0.143
m2/s, h = 0.05 & 0.10 m, Re = 5.7 105
REMARKS
Importantly, the present approach was restricted to rectangular, prismatic stepped
chutes with smooth horizontal steps, constant step heights and constant bed slopes
like most early studies.
The effects of step roughness were recently tested (Takahashi et al. 2006). The results
were counter-intuitive. They showed that the presence of step cavity roughness was
associated with higher flow velocities, comparatively lower turbulence levels and
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9lesser rate of energy dissipation.
The impact of non constant step height was rarely investigated under controlled flow
conditions (Fig. 6). Yet the Malmsbury (1870) and Upper Coliban (1903) stepped
spillways in Australia were designed with a combination of large drops (h = 2 to 4 m)
and smaller steps (h = 0.305 m) (Chanson 2001). Their successful operation for more
than a century suggests that the design is sound. Stephenson (1988) conducted
laboratory experiments in a 45° slope stepped chute. The results suggested that the
superposition of occasional large steps increased by 10% the rate of energy
dissipation.
Importantly non-constant step heights and stepped slopes, and channel curves, are
expected to induce shock waves and sidewall standing waves that may affect the
sidewall design and chute operation. Toombes and Chanson (2008) documented such
flow instabilities.
CONCLUSION
The validity of the Froude similitude was tested in air-water flows above stepped
spillway models. Three experimental data sets were re-analysed corresponding to
moderate slopes typical of embankment dams and storm waterways ( = 3.4 to 22°).
The measurements were conducted in large size facilities operating at large Reynolds
numbers (Table 1) and the step cavity dimensions were scaled with a 2:1 undistorted
geometric scaling ratio in each case. The experimental data included distributions of
void fraction, bubble count rate, interfacial velocity, turbulence intensity, bubble
chord sizes, and integral turbulent length and time scales.
Scale effects in terms of Froude similarities were observed for all slopes, although the
geometric scaling ratio was only Lr = 2. The criterion selection for scale effects was a
critical issue. For example, major differences (i.e. scale effects) were observed in
terms of bubble count rates, bubble chord sizes, turbulence levels and integral
turbulent length scales, but no scale effects were seen in terms of void fraction and
velocity distributions. The findings suggested that most physical model results cannot
be extrapolated to prototype flow conditions without significant scale effects, and that
the predictions of both turbulent dissipation and re-aeration rates cannot be based
upon Froude-similar experiments. Simply physical modelling of stepped spillways is
sensitive to scale effects, and this is consistent with basic dimensional analysis.
A complementary approach may be based upon self-similarity. Self-similar
relationships were observed systematically at both macroscopic and microscopic
levels, including the distributions of void fraction, bubble count rate, interfacial
velocity and turbulence level, and the bubble chord distributions. The experimental
results showed a number of self-similar relationships that remained invariant under
changes of scale, hence at prototype stepped spillway scales.
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